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HARDY-LITTLEWOOD-SOBOLEV INEQUALITIES ON 
COMPACT RIEMANNIAN MANIFOLDS AND APPLICATIONS 

YAZHOU HAN AND MEIJUN ZHU 


Abstract. In this paper we extend Hardy-Littlewood-Sobolev inequalities on 
compact Riemannian manifolds for dimension n / 2. As one application, we 
solve a generalized Yamabe problem on locally conforamlly flat manifolds via a 
new designed energy functional and a new variational approach. Even for the 
classic Yamabe problem on locally conformally flat manifolds, our approach 
provides a new and relatively simpler solution. 


1. Introduction 

Curvature equations involving high order derivatives (including Q— curvature 
equations) and fully nonlinear curvature equations (such as at operators of Schouten 
tensor) have been extensively studied in the past decade, and have broad applica¬ 
tions in the study of global geometry and topology. See, e.g. a, na, a, m, a 
m , 0 and references therein. All these differential operators, such as Paneitz 
operators with even powers and Cfc operators of Schouten tensor, are introduced as 
a locally defined operators. 

Recently, there have been some interesting results concerning the fractional Yam¬ 
abe problem, as well as the fractional prescribing curvature problem, see, e.g. 
mm, m, m - (251 and references therein. In these studies the notion for the 
globally defined fractional Paneitz operator P a (via an integral operator), which is 
introduced in [12], is used and has a direct link to singular integral operators (see 
Caffarelli and Silvestre (3] for a new view point of fractional Laplacian operator). 

Motivated by the globally defined fractional Paneitz operator, as well as the 
study of sharp Sobolev inequality with negative power by W. Chen, et al [5] , Yang 
and Zhu [34;, Hang and Yang [18], Ni and Zhu (Jl|-[33:, Hang 16], etc. we started 
to investigate the general extension of Hardy-Littlewood-Sobolev (HLS) inequality. 
In Dou and Zhu [8], we established the HLS inequality on the upper half space, and 
outline the rough idea on the extension of HLS on general manifolds; In Dou and Zhu 
[9], a surprising reversed HLS inequality was obtained when the differential order 
is higher than the dimension. In Zhu [35] , a more general prescribing curvature 
equation on was introduced and the existence result for antipodally symmetric 
function was obtained; in particular, the reversed HLS inequality was first used in 
the study of curvature equations with negative critical Sobolev exponents. In the 
same paper, a more general Yamabe type problem was also introduced for general 
compact Riemannian manifolds. In this paper we shall extend the classic HLS 
inequality as well as the reversed HLS inequality on compact Riemannian manifolds 
and provide solution to the general Yamabe problem on locally conformally flat 
manifolds. 


l 


Let (M n ,g) be a given compact Riemmanian manifold, a(^ n) be a positive 
parameter and \x — y\ g represent the distance from x to y on M n under metric g. 
Introduce the following integral operator: 


I a f(x) 


f(y ) 


' M n 


\x-y | 


^dVy, 


n—ot 
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We first have the following HLS inequality on (M n ,g) for a < n: 
Proposition 1.1. Assume that a £ (0,n), 1 < P < ^ and d given by 


then there is an optimal positive constant C(a,p, M n , g), such that 

\\I a f \< C(a,p,M n ,g)\\f\\ LP{M n ) . (1.2) 

holds for all f £ L p (M n ). Moreover, for 1 < r < q, operator I a : L p (M n ) —> 
L r (M n ) is a compact embedding. 

Proposition 11.11 seems to be a known fact. Since we can not find the proof in 
literatures, we will outline the proof in this paper. 

For a > n, we have the following reversed HLS inequality for nonnegative func¬ 
tions. 

Theorem 1.2. Assume that a > n > 1, l>p>^ and q is given by HU, then 
there is an optimal positive constant C(a,p,M n ,g), such that 

114/11 > C(a,p,M n ,g)\\f\\ LP{Mn) . (1.3) 

holds for all nonnegative f £ L p (M n ). 

One of the main motivations for obtaining the above embedding theorems comes 
from the study of curvature equations, including the following generalized Yamabe 
problem, introduced in Zhu [35] : 

For a given compact Riemannian manifold ( M n ,go ) ( n ^ 2) with positive scalar 
curvature and a positive parameter a ^ n + 2k for k = 0,1, •••, let G Po (y) = 
n(n — 2)w n r®°(y), where r®°(y) is the Green’s function with pole at x for the 
conformal Laplacian operator — A ff0 + 4 p t / 2 1 ) 4 go , u> n is the volume of the unit ball. 
In a conformal normal coordinates centered at x, G Po (y) = |?/| 2-n + T-|-0(|?/|). The 
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a— curvature Q a ,g under the conformal metric g = </>"-“ go is defined as a function 
implicitly given by 

u(x) = [ [G 9 x °(y)}^Q a ,g(y)u^{y)dV go . (1.4) 

It is clear that Q a , g , up to a constant multiplier, is the classic scalar curvature for 
a = 2. 

Let 

4, 9 ,„(/)= / [G 9 x {y)}^f{y)dV g . (1.5) 

Jm” 

It was showed in [35] that Im™, g,a{f) Las the conformal covariance property. Similar 
to the Yamabe problem, one may ask [35] : for a given compact Riemannian manifold 
(M n ,go), is there a conformal metric g = u 4 /( n - a ) g 0 such that Q a , g = constant ? 
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We shall solve this problem on any locally conformally flat manifold with positive 
scalar curvture, based on the positive mass theorem!]] 


Theorem 1.3. For a given compact locally conformally flat manifold (M n ,g) 
(n yf 2) with positive scalar curvture, there always exists a conformal metric g * = 
u 4 /{n—a)g suc j j ^hat a — curvature Q a , g , is a constant. 


From now on in this paper, we always assume the compact manifold ( M n ,g ) 
under consideration has positive scarlar curvature. 

The traditional approach to solve the classic Yamabe problem is to seek the 
minimizer to the Sobolev quotient energy: 


J'2(u) 


f M n |V«| 2 + 


n ~ 2 f! i 
4(n-l)- a ffo < 


v 9o 


|l L 2n/(r>-2)( M n 


Unfortunately, for fractional order a , such an energy functional is hard to find. 
To prove the above theorem, we design the following energy functional for positive 
functions: 


Jg,a(u) 


Jm" hi » u ( x My)i G x(y)} a2 - ::; dVg{x)dv g (y) 
|M | 2 2 „ /( n+a)(M>») 


( 1 . 6 ) 


The above functional was successfully used in [ 55] to solve a prescribing curvature 
problem on § n with negative exponent (in the case of a > n). In this paper, we 
will show that it can also be used to solve Yamabe type problems. 

For a < n, we consider the supremum 


Y a (M n ,g):= sup J g , a (u). (1.7) 

ueC 0 (M“)\{o},u>0 


Similar to the proof of Proposition 11.11 one can show that Y a (M n ,g) < oo (see 
remark [7721 below!. Moreover, it follows from Lieb’s classic result [22], that the 
supremum on the standard sphere (S n ,go) or on flat plane (K™, gs) is given by 


Y a (S n ,g 0 ) = 7T- 


==* r(f) rr(f) 


r(n±«) (r(n) 


and the corresponding extremal functions on 
and its conformal eqivalent class: 


l , 9 e) are f(x) = 


r / \ — n + a r/% XO \ 

fe,x 0 (x) = e ^ /(-) = 


e 2 + \x ~ xq\ 2 


( 1 . 8 ) 

(l + |z| 2 )-^ 
(1.9) 


where xo G K" and e > 0. For convenience, we write f e = / £j o in this paper. 

We will first show that Y a (M n ,g) > Y a (S n ,go ); and for a locally conformally 
flat manifold ( M n ,g) with positive scalar curvture, the equality holds iff ( M n ,g ) 
is conformally equvalent to (§ n ,go)- As in the study of Yamabe type problem, 
we will then show that the strict inequality yields the existence of the maximizer, 
based on a new e—level sharp HLS inequality on manifolds (Proposition [23] below). 
This approach will give a new view point even for the proof of the classic Yamabe 


*We need more careful expansion for the Green’s function G®° (y) in a normal coordinate in 
order to work on locally conformally non-flat cases. We thank F. Hang who pointed out this sutble 
issue to us. 
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problem. We recently learned from Hang and Yang that such approach was also 
used in their recent work (19] for Q-curvature problem (a = 4 in their case). 

Parallel to the case of a < n, for a > n, we consider the infimum 

Y a (M n ,g) := inf J g>a (u). (1.10) 

ueC°(M n )\{o } 

It follows from Theorem 11.21 that Y a (AI n ,g) > 0. And, it follows from the sharp 
reversed HLS inequality [9] that the infimum on the standard sphere or flat plane 
is given by (HD and the corresponding extremal functions on (R™, g^) are given 
by (11.91) . Again, we will first show that Y a (M n ,g) < Y a (S n ,g 0 ), and for a locally 
conformally flat manifold ( M n ,g ) with positive scalar curvture, equality holds iff 
(Af", g) is conformally equvalent to (§", go). We then show that the strict inequality 
yields the existence of the minimizer through a new blowup analysis. It is interesting 
to point out that the local blowup analysis does not work due to the lack of local 
Sobolev inequality for a > n. 

This paper is organized as follows. In Section [2] we deal with the case of a < n. 
Based on the Marcinkiewicz interpolation theorem, we prove the roughly HLS in¬ 
equality m on ( M n ,g ) and the compactness of embedding for subcritical expo¬ 
nent. We then establish an e-level sharp HLS inequality on any general compact 
manifold and complete the proof of Theorem 11.31 for a < n. In Section [HI we deal 
with the case of a > n. The analog e-level inequality is not known. Instead, a new 
blow up analysis enables us to show that there is at most one blow up point for a 
minimizing sequence. Energy condition will be used to eliminate the case of single 
blow up point for the manifold not conformally equivalent to the standard sphere 

(S",5o). 


2. Case of a < n 

In this section, we first prove Proposition ll.il We then analyze the sharp con¬ 
stant and derive Aubin type e—level sharp HLS inequality. Using such a sharp 
inequality, we finally prove Theorem 1.3 for a < n. 


2.1. Roughly HLS inequality on Manifolds. To prove Proposition ll.il we need 
the following Young’s inequality on manifolds. 


Lemma 2.1. For a given compact manifold (M n ,g), define 

g * h(x) = / g{y)h{\y - x\g)dV y . 

J M n 

There is a constant C > 0, such that 

II g * h\\ L r < C\\g\\ L a ■ \\h\\ L p, 
where p,q,r £ (1, oo) and satisfy 

, 1 1 1 

1 H— — —I—• 
r q p 

The proof is similar to the classic Young inequality in R". See, e.g. Lieb and 
Loss [30]. It is worthy of pointing out that g * h(x) may not equal to h * g{x) for 
a; S M n . 
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Proof of Proposition 11.11 The proof is quite standard. Similar proof appeared, 
e.g. in Hang, Yan and Wang |T7] (proof of Proposition 2.1 there). To prove (11.21) . 
we only need to show that there is a constant C > 0, such that for any A > 0, 


m.{xGM n : \I a f\ >A}<C(^fc) 9 . ( 2 . 1 ) 

Inequality (11.21) follows from the above inequality via the classical Marcinkiewicz 
interpolation theorem. 

For any 7 > 0, define 


and 


Thus, for any r > 0, 


4/(4 = [ 
4 

4/(4 = / 

4 


f{y) 


iy-^i s <T i x y Is 


-y\l 

f{y) 


\y- x\g>i \x y\g 


dy, 


dy. 


m{x : I a f(x ) > 2 t} < m{x : 4/(4 > r} + m{x : llf{x) > r}. ( 2 . 2 ) 


We note that it suffices to prove inequality (12.11) with 2r in place of r in the left 
side of the inequality, and we can further assume ||/||lp = 1 . 

From Young inequality ('Lemma 12.II) . we have 


114/14 <c/ —L-dv g -\\f\\ LP = cr. 

•4i 9 <7 I y\g 

Thus 

III 1 f ll p 

m{x : 4/(4 > r} < " aJ " LP < Cj pa ■ T- p . 

TV 

On the other hand, Young inequality implies 

II4/IU- <c{[ (-L-/ dVg ) 1/p ' ■ \\f\\ LP = c,T n/q - 

•4u>7 \y\9 

Choose 7 so that C\T n ^ q = t. Then m{x : 4/4) > r} = 0, and 
m{x : Iaf(x) > t} < CT a ■ t~ p = C 2 T~ q . 


m follows from the above easily. 

For any r £ (1 ,q), we will show the embedding is a compact. This shall be a 
known fact since the compact embedding is a local property, and for a bounded 
domain tt C R™, L r (fl) CC W a,p (fl) is ompact, see, for example, [ 6 ]. We only 
outline the proof here. 

Let (fbe a finite covering of M n , with each f \ being homeomorphic to 
the unite ball i?i(0) in R". Let {cti}fL 1 be a C°° partition of unity subordinate to 
the covering {ffi} 4 i- 

Let {/ m }m =1 be a bounded sequence in L p (M n ), then for each fixed i = 1,2, • • • ,N, 
there exists a subsequence {otiI a f mj } which is precompact in L r (fli) due to the 
compact embedding result on bounded domain in R n . 

Choosing a diagonal subsequence {I a / mj }, such that ail a f mj is precompact in 
L r (tti) for all* = 1, • • • ,1V, we then know that {I a f mj } is precompact in L r (M n ), 
following from Minkowski inequality 


N 

114 frn.j 4/rnj | \lj r (Al n ) ^ ’ \\fXjIgfmj Qidafmil\L r (M n ) t 0. 

i=1 
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We hereby complete the proof of Proposition 11.11 

Remark 2.2. It is quite clear that a similar augument to the above leads to: for 
q saisfying ED, there is a positive constant C > 0, such that 

< Cl \f \ \ L p (M") • ( 2 -3) 

holds for all / € L p (M n ). Moreover, for 1 < r < q, operator : L p (M n ) —> 

L r (M n ) is a compact embedding. 

2.2. Sharp constant and the generalized Yamabe problem. 


2.2.1. Best constant. We first give a lower bound estimate for the optimal constant 
Y a (M n ,g). 


Proposition 2.3. 

where 


Sa>Y a (S n ,g 0 ), 

f M n xM n f( x )f(y)\ x ~ y\g~ n dVg( x )dVg(y) 


£ a := sup 

/ec°(M”)\{o} \\J\\- L ^n n+a){Mn) 

Proof. For small positive constant A > 0, recall that f\(x) is given in (11.91) . Take 


/ = 


f\{x), in B s ( 0), 

0, in R n \B s (0), 


where S > 0 is a fixed constant to be determined later. Then, for small enough A, 
/ € £2n/(n+a)( R n) and 


K x )f(y)\ x - y\ a n dxdy 


/R"xR" 


[ fx(x)fx(y)\x-y\ a n dxdy 

J l n Xl n 

f\( x )f\(y)\ x - y\ a ~ n dxdy 


/R n X 
— 2 


/R"x(R"\B 5 (0)) 


J(H»\B 4 (0))x(R"\Bi(0)) 

=Y a (s n , ff0 )ll/A||'; - 

Cx n + a ( 


f\{ x )f\{y)\ x — y\ a n dxdy 


I+ 11, 


(2.4) 


where 


1 = 2 


H = / 

J(R 


l x(R n \Bs(0)) 


f\{x)f\{y)\ x - y\ a n dxdy , 


'(R™\B 5 (0))X(R"\B 5 (0)) 

Note (see, e.g. [25J or m\) 


h( x )f\{y)\ x - y\ a n dxdy. 


fx(x)\x — y\ a n dx = Bfff +a (y), 


/R n 
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where B = ir 2 r ^+a)/ 2 ) • We have 


I = C 

=C 


[ \fx\"+ a dx 

jR n \Bn(0) 


R n \B s (0) 
+00 / A 


l dr 


f+0° C 

=C (1 +t 2 )- n t n - 1 dt = 0(-)- n , as A —>■ 0. 

h x 

On the other hand, from HLS inequality, we know that II can be estimated as 

II < ^(S n ,fl 0 )||/A||| 2 ./(n +a)(R n^ (0)) < 

So, for small enough A, 

Ji»xi" f( x )f(y)\ x - y\ a ~ n dxdy 


> Y a (S n ,go) — C( — )~ n . 


(2.5) 


II •> ll£ 2 n/(n+<*)( R n) 

For any given point P £ M n , choose a neighbourhood flp C M n so that for 
S > 0 small enough, in a normal coordinate, exp (Bs) C f Ip and 

(1 — e)J < g(x) < (1 + e)I, Vx £ Bs- 

Thus, 

(1 - e)\x - y\ < \x - y\ g < (1 + e)\x - y |, Vx, y £ B s . 

In the normal coordinates with respect to the center P £ M n , let 

/A(exp -1 (x)), in exp(5 5 ) 

0, in M n \exp(Bs). 

Then 


v(x) = 


f \v\ 2n/{n+a) dV < (l + e)T f \f x (x)\ 2n/{n+a) d. 
J M n Jb 6 ( 0) 


v(x)v( y) 


dV x dV v = 


> 


M n JM n \x ~ y\g ° Jb s (0) Jb s ( 0) \ x ~ y\ 

r r h(x)fx{y) n ,n, , 

— (1 -e) dxdy 


v(x) v (y)^ ^detg(x) y/deltiy)dxdy 
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Ib s (o) Jb s (o) (1 + e ) n a \x — y | 


(1 ~e) r 

(1 + e) n ~ 


h(x)fx(y) 


dxdy. 


Thus 


> 


B { (0) JB S ( 0) \ x ~ V\ r ~ 

f M n Jif« v(x)v{y)\x - y\g~ n dV x dV y 


( 2 . 6 ) 


Ill’ll L 2n /( n + Q 0(M") 


(i+ e) "-° f Bs( 0 ) S Bs (o) h( x )Mv)\ x - y 1“ ndxd v 


> 


> 


(l + e)^\\fx\\ 2 L2n/(n+aHBs{0)) 


( 1-0 


n —1 


Y a (S n ,g 0 )-C(j)~ n 


(1 + e) - 5 hn-a 
Sending e and A to 0, we obtain the estimate. 

With a slight modification of the above proof, we have 


□ 
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Corollary 2.4. For a < n, 


Y a (M n ,g)>Y a (§ n ,g 0 ). 


Similar to Aubin’s approach for solving Yamabe problem, we will establish an e- 
level sharp Hardy-Littlewood-Sobolev inequality for solving general curvature equa¬ 
tions. 

For a £ (0 ,n), p> 1 and q satisfying (11.11) . define 


N a , p = 


sup 

f£LP( R")\{0} 


/» 


■ f(x)f(y)\x-y |“ n dxdy 


I L p (R n ) 


Proposition 2.5 (e-Level Inequality). For a £ (0 ,n), p > 1, let q be given by 
(ED. For any given e > 0, there is a constant C(e) > 0, such that 


II4/H^ (M n) < (N a , p + eY\\fr LP(Mn) + C(e)||7 a+1 /||^ (Mn) (2.7) 

holds for all f £ L p (M n ). 

Proof. We only need to prove ED for nonnegative function / £ C(M n ). 

For fixed e > 0, let be a partition of the unit covering, such that 

0 < r]i } e < 1 for all i = 1, • • • ,k and JT =1 Vi e = 1) and for all i = 1, • • • , k, 

I |4(bi,e/)l lL«(supp{r)i, e }) A ( ^a,p + e ) I \Vi,ef I |z,P(supp{? 7 i,e}) • (2-8) 

Thus 

114/111^) = | |(4/) P ||^ ( Mn) 

k k 

= ll^^eUa/FL^M") < ll ? ?f,e(4/) P ||^/P( S upp{ 7)i , e }) 

i= 1 i=l 

k 

= I l/ / '2(supp{?7i )€ }) 

i= 1 
k 

— 'y v (| |-^Q'( r ?i,e/)| |L9(supp{77i )e }) 
i=l 

+ ||^7i,eZa/ -^a(^i,e/)| |L^(supp{?7i )e } ))4 (2.9) 


For fixed i, 


\\Vi,eIaf 4(bi,e/)111?( SU pp{^ J) 

= [ \[ lviA x ) -ViAy)}f(y)\ x -y\g~ ndV v\ 9dVx 

J supp{r?i )e } J M n 

<(max|V77; j£ |) • f \ j /(y)suppr? i>e |a; - y\ g \x - y\g~ n dV y \ q dV x 

J supp{?7i )€ } J M n 

<C(max |V%, e |)-(l + e )«||4+i/|IL (M n } . ( 2 . 10 ) 





Bringing (12.81) and (12.101) into (12.91) . we have 
k 

I l-^cc/l — 'y ' [(-^a,p + e) I |^i,e/| |iP(supp{? 7 i ie }) + C\ |Ia+l /1 \li (M n )] 
i=1 
k 

< + e) p ■ (1 + e)||J7i,e/||iP( M ») + C'(e)||-fa+i/||^ g ( A fn) 

i=l 

= (-^a.p + e) P ■ (1 + e )ll/lll,p(M") + C , ( e )ll^a+l/llL9(M")- 

□ 


It is obvious that a similar e-level inequality also holds for operator lM n ,g,a- 

Corollary 2.6. For a £ (0, n), p > 1, let q be given by (11.11) . For any given e > 0, 
there is a constant C(e) > 0, such that 

II (N a , p + e) p \\f\\ p LP(Mn) + C(e)\\I M p ,g,a+l/||^ 9 ( M n) (2.11) 

holds for all f £ L p (AI n ). 

Based on the e— level sharp HLS inequality, we can establish the criterior for 
the existence of maximizer to the following quotient energy. 


Proposition 2.7. If 


fa,p~ SUp 

/ei p (M")\{o} 

then the supremum is attained. 


f( x )f(.V) \ x - V\g n dV g {x)dV g {y ) 




>N a 


Proof. Let q be given by (HD- Choose a maximizing sequence {ft}} C L p (M n ) 
such that \\I a fi\\Li(M n ) = 1- Without loss of generality, we can also assume that 

fi > o. 

Claim: there exists a subsequence (still denoted as {fi}) and /* £ L p (M n ) such 
that 

f i —*■ f* weakly in L p (M n ), 

lafi^Iaf* weakly in L q (M n ), 

Ia+ifi -> I a +if* strongly in L q (M n ). 

In fact, from Holder inequality, we know ||/j || lp(M u ) < |L +1 for large i, thus {/*} 
is a bounded sequence in L p {M n ). So, there exists a subsequence (still denoted as 
{fi}) and a function /* £ L p (M n ) such that 

fi —/* weakly in L p {M n ). 

Meanwhile, for any g £ L q (M™), we have I a g £ L p (M n ) and 

\\Ia+l9\\LP'(M n ) — C(M n )\\I a g\\ LP ' ( M n) < +oo, 
where q' is the conjugate of q and p' is the conjugate of p. So, 


< I a fi - I a f*,g >=< fi-f*,I a g >-> 0 as i ->• +oo, 

and 

£ la+lfi Ia+1 f*,g ^ — 8 fi f*> by ■ 1 fj ^ t 0 aS i ^ -{-OO. 

Combining the compactness of {I a +ifi} concluded from Proposition ll.il we have 

Ia+ifi -t I a +if* strongly in L q (M n ). 
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Applying Brezis-Lieb Lemma [2], we have 

ll/i|liP(M«) - II fi - /*llz,P(M») ~ II/*IIlp(M») = °( 1 )> 

1 — II lafi — Iaf*\\ q ^q^M n ) ~ II laf* || Li (M n ) = o(l). 

Also note: 

(■ lafufi ) 


£a,p — 

Thus, 

7 p— — ll/*llz,P(M") + °0) 
S a,P 


0 ( 1 ) < 


LP{M n ) 


ll/ill LP(M" 


0 ( 1 ). 


> 


— II/* - /*IIlp(M") + ll/*lliP(M") + °( 1 ) 

(jVq, + e)P ~ /*/*HL«(M») + ^F^H^“/*IIl9(m") 

Cfe) 

— (jV + e)P — ^a+l/*ll/,g(M") o(l) (by e-level inequality (12.71) 1 


((JVa.p + e)* ^, P ) l|Ja/i 4/ * ll ^( Mn) 

(\\Iafi — I a f*\\ V L<i(M n ) + II4MIL ( m»)) 


SO!,p 


C(e) 


> 


j-yY _|_ ll-^ia+l/i la+lf* II.Lg(M n ) °(^) 

V a , p + c)p “ l|/a/i ~ 

a — -/*/*llz,3(]Vf») + ll-la/* llz,<i(M n )) °(0 

(. N a , p + e)P ~ &;) ¥afi - + ^ + °( 1 )- 


So 


On the other hand, 

we thus know 


. hm || I a fi - /a/IU^M") = 0. 
2—>-+00 V ' 


||/*||lp(M") < bminf ||/ 1 ||lp(m"), 


lim < ( I a f*J *) 


*llLP(M") 


2 

LP(M n 


So /* (E L p (M n ) is a maximizer. 

Similarly, based on Corollary 12.61 we can obtain the following 

Corollary 2.8. If 

Imp XM» /( a; )/(y) l G ® (2/)] ^ (®) dV 9 (2/) 


□ 


£a,p,G := SUp - 

/£LP(M»)\{ 0} 

t/ien t/ie supremum t; a ,p,G ® s attained. 


Ilp(M" 


> AT, 


a, 
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2.2.2. Genaralized Yamabe problem. We shall prove Theorem 11.31 for a < n in this 
subsection. Due to Corollary 12.81 we only need to prove 

Proposition 2.9. If(M n ,g) is locally conformally flat, but not conformally equiv¬ 
alent to the standard sphere ( S n ,go), then for a < n, Y a (M n ,g) > Y a (S n , go). 

From now on in this subsection, we will assume that (M n , g) is a locally confor¬ 
mally flat manifold. We need the follow expansion for Green’s function of conformal 
Laplacian operator near its singular point (Lemma 6.4 in [26], here we use the same 
notations). 

Lemma 2.10. Let ( M n ,g) be a locally conformally flat manifold (n ^2). In 
conformal normal coordinates {x 1 } at x, G 9 (y) has an asymptotic expansion 


G 9 X (y) =r 2 ~ n + A + 0"(r), V ye B So (x) 


( 2 . 12 ) 


where A > 0 is a constant. 

Proof of Proposition l2T9l Let P G M n be a fixed point. In a conformal normal 
coordinate around P, G 9 (y) satisfies (12.121) . Further, since the manifold is not 
conformally equivalent to the standard sphere, A > 0 by the positive mass theorem. 
For simplicity, we denote B$(P) as Bg. 

For small enough 5 > 0, choose a test function 



(2.13) 


Then by a similar argument to Proposition 12.31 we can obtain 
Y a {M n ,g ) >J 9 ,a(u) 



(2.14) 


| A IbsxBs \ x ~ v\g 2 fx{x)fx{y)dxdy 



Since 



(2.15) 


>GiA ”- 2 


thus 


-C 



s\ n | A IbsxBs l x ~ y\g 2 f\{x)f\{y)dxdy 



(M n ) 


(2.16) 
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by choosing A much smaller than 5. We hereby obtain 

Y a (M n ,g)>Y a (S n ,g 0 ). 


(2.17) 


3. Case of a > n 

We first establish the reversed HLS inequality on general compact Riemannian 
manifolds. 

3.1. Reversed HLS inequality on Manifolds. We need the follwing two lem¬ 
mas. 

Lemma 3.1 (Conversed Young’s Inequality). There is a constant C > 0, such that 

II 9 * h\W > C\\g\\ L , ■ \\h\\ L p 

where p £ ( 0 , 1 ), q, r < 0 and satisfying 

, 1 1 1 

r q p 

This can be proved in a sirniar way to that for Conversed Young’s Inequality in 
R". We skip details here. 

For a given measurable function f{x) on M n and 0 < p < + 00 , the weak L p 
norm of f(x) is defined by 

II/II14 = inf {A > 0 : meas{|/(x)| > t} ■ t p < A p }, 

For p < 0, the norm is defined as 

\\fh p w = sup{A > 0 : meas{|/(a;)| < t} ■ t p < A p }. 

Thus, for p < 0, 

\\f\\ P L P = inf{5 > 0 : meas{\f(x)\<t}-t p <B}. 

Let T : L p (M n ) —>• L q {AI n ) be a linear operator. We recall that for 0 < p, q < 
+ 00 , operator T is called the weak type (p, q) if there exists a constant C(p, q) > 0 
such that for all / £ L p (Af n ) 

meas{x : |T/(a;)| > r} < ^ C(p, q) ^ ; Vr > 0. 

For q < 0 < p < 1, we say operator T is of the weak type (p, q), if there exists a 
constant C(p , q) > 0, such that for all / £ L p (M n ), 

meas{x : \Tf(x)\ < r} < ^C(p, q) ^ ; Vr > 0. 

Lemma 3.2 (Marcinkiewicz type interpolation theorem). Let T be a linear operator 
which maps any nonnegative function to a nonnegative function. For a pair of 
numbers (pi, qi), (p 2 , < 72 ) satisfying qi < 0 < p,; < 1, i = 1,2, pi < p 2 and qi < g 2> 
if T is weak type (pi,5i) and (p 2 ,< 7 2 ) for all nonnegative functions, then for any 
9 £ (0,1), and 

1 _ 1-9 9 1 _ 1-9 9 

p pi P 2 ’ q qi q 2 ' 

T is reversed strong type (p, q) for all nonnegative functions, that is, 

||T/||l, > C\\f\\ L p, V/ £ L p and f > 0, 

for some constant C = C'(pi,p 2 , qi, g 2 ) > 0. 
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The proof of Lemma 13.21 is almost identical to that for the same inequality in 
R”, see Dou and Zhu [9]. 

Proof of Theorem II.21 The proof is quite standard. We shall follow the proof 
of reversed Hardy-Littlewood-Sobolev inequality, given in Dou and Zhu [9] (proof 
of Proposition 2.3 there). To prove (11.311 . we only need to show that there is a 
constant C > 0, such that for any A > 0, 


m{xGM n : |/ q /|<A}<C(^) 9 . 


(3.1) 


Inequality (11.311 follows from the above inequality via the above Marcinkiewicz type 
interpolation theorem (Lemma 13.211 . 

For any 7 > 0, define 

f(y ) 

'\y— ®ls<7 \ X _ 2/1 


and 


J af{x) = [ 

J \V 

zm = f m 

J\v 


~dy, 

; d V- 


I \y~ x \g>l \ X y I r 

Thus, for any r > 0, 

m{:x : I a f(x) < 2r} < m{x : / 3 /( x) < r} + m{x : I%f{x) < r}. (3.2) 

We note that it suffices to prove inequality ED with 2 t in place of r in the left side 
of the inequality, and we can further assume ||/||lp = 1. From Conversed Young’s 
inequality ('Lemma 13. ID . we have 


| | ' Mmsc (UfF) , ‘r 


Lp 


=-D 1 , 


where ± ± = 1 + ± with t x € (^, 0 ), ri < 0 , x 7 (z) = 1 for \x\ g < 7 and 

X 7 (aO = 0 for \x\ g > 7 , and 


D 1 = 


f (xi_(yV\ 
1 m - \ \y\ n - a J 


1 1 


\ 1 n-(n- a) t 1 

dy\ = Ci(n, 0)7 *i 


Thus 


lid firi 

m{x:I 1 a f(x)<r}< 11 


< 


6^(71,01)7 ‘i 


T r 1 — T r 1 

On the other hand, Conversed Young’s inequality implies 

m "= :D2 

where | ± = 1 + ^ with t 2 < r 2 < 0 and 


(3.3) 


D 2 = 


I M n 


1 - x-y(y) 

| y |n-« 


t2 V 2 , x 

<*/ =C 3 {n,a)'y ‘2 


It follows that n < np < r 2 and 

x n—otp 


r 2 [n-(n-a)t 2 ] 

,{*:£/(*)< T }<lM!2l<ft(".«)T - 


T r 2 


T*" 2 
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(3.4) 


















Bringing m and (EH) into ED , we have 


i{x : I a f(x) < 2 t} < 


r 1 [n -(n — a)tj] r 2 [n-(n-a)t 2 ] 

62(71,0)7 *1 64(71,0)7 * 2 


T r2 


Choose 7 = rt”-" . We have 
Wi 

pa — n 


n 

pr 2 

n t \ 

-- (n-a) 

n 

- - (n-a) 

[h 

pa — n 

1t 2 


r 2 = 


np 


n — pa 


= -q- 


We thus obtain (13.11) and complete the proof of Theorem 11.21 
3.2. Sharp constant and the generalized Yamabe proble for a > n. 

3.2.1. Best constant. Recall, for a > n, 

I M n X M n /(*)/(») [G® (y)] Z* dv g (x)dV g (y) 

Y a (M n ,g)= mf - 777773 - 

/6l2»/(»+«) ( M« ) \ {0} \\fr L .n« n+a){Mn) 

It follows from Dou-Zhu’s result 0, that the infimum on the standard sphere or flat 
plane is achieved, Y a (E> n ,g) is given by (11.81) and extremal functions on flat plane 
R” are given by (11.91) . 

We first give an upper bound estimate for the optimal constant Y a (M n ,g). 

Proposition 3.3. If a > n, then 

Y a (M n ,g)<Y a (S n ,g 0 ). 

Proof. Take 

r = ifx(x), in 5,5(0), 

7 \0, mR n \B s (0), 

where S > 0 is a fixed constant to be determined later. Then, for small enough A, 
/ G L P (R”) and 


f(x)f(y)\x - y\ a ~ n dxdy 
fx(x)fx(y)\x - y\ a ~ n dxdy 

fx{x)f\{y)\x - y\ a ~ n dxdy 


‘x(R»\B j (0)) 


' Bs(0) x ( R n \Bs(0 )) 
112 


fx(x)f\(y)\x-y\ a n dxdy 


where 


=Y a (S", 50 )||/A|liw(n + ») (M n ) -I-II, 

fx(x)fx(y)\x - y\ a ~ n dxdy, 


(3.5) 


I = 

II = 


‘x(R»\B 4 (0)) 


/B 4 (0)x(R"\B 4 (0)) 


fx{x)fx{y)\x - y\ a n dxdy. 


Note (see [Sj) 


fx(x)\x — y\ a n dx = Bfff +a (y), 


/R n 
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where B = tt? r ^+a)/ 2 ) ■ We have 

I =C [ \f x \ 2n/{n+a) dx 

r+oo / A 


=c 


dr 


r+°° A 

C (l + t 2 )- n t n - 1 dt = 0(-)~ n , as A —>■ 0. 


On the other hand, from the reversed HLS inequality, we know that II can be 
estimated as 

, S _n±£ 

k A J 


II > ^1l/A||L2n/(n+ a )( Bi5 (0) \\f\\\L 2n /{M n \B 6 (0)) ~ 0(~) 2 aS A —>• 0. 

Note that > 1. We have 

/ \ (n+a)/n 


II/aII 


L 2n/(n + oO( R n) 


/ |/ A | 2n/(rl+ “ ) da:+ / |/ A | 2 " /( ” +a )dx 

•/Si(o) 7 r"\b 4 (o) / 

— ll/A|li2n/(n+<»)(B 4 (0)) ^'ll^ A llL 2n /( n + Q; )(B 4 (0)) ll^' A IL 2n /( n + Q; )(R ,, \B 5 (0))‘ 
So, for small enough A, 

fon^mn f(x)f(y)\x — y\ a ~ n dxdy S 

jRxK ~, 2 ---^<IA(S n ,5o)+C(^)-". (3.6) 

The rest of the argument can be carried out in the same way as in the proof of 
Proposition 12.31 □ 

To prove Theorem II.31 for a > n, we first prove 


Proposition 3.4. IfY a (M n ,g) < Y a (S n -go), then the inftmum is attained. 

The proof will base on a new blowup analysis. For subcritical power p £ (0, n ff n ), 
we consider the infimum 


Y a ^(M n ,g) inf Jg,a,p{u). (3.7) 

uGC°(M n )\{ 0 },u >0 

where 

T , x f M n f M n u{x)u{y)[G%(y)] ! ^dVg{x)dVg{y) 

Jg,M ■= -Op-• 

Lemma 3.5. For subcritical power p £ (0, ^Sj)- infimum Y a , p (M n , g) is attained. 

Proof. The lemma could be proved via establishing certain compactness embedding 
for a > n, which is not known. To circumnavigate this difficulty, we here use a 
new blowup type argument. The main difference between our new blowup analysis 
with the traditional one is that: our argument is a global one since we do not have 
a local Sobolev type inequality (the classic concentratione compactness, as well as 
Nash-Moser iteration are not available). 

For fixed p £ (0, ^^j), let Ui be a minimizing positive sequence of Y a , p (M n , g) 
with = 1. Easy to see that, up to further subsequence, m —>• w* £ 

L p (M n ) pointwise. 

We consider two cases: 
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Case 1: There are at least two points on M ra , say xo, x\ and a universal positive 
constant C > 0, such that, for any r > 0, there is a subsequence of rt;, satisfying 


lim [ 'uJ- > C; lim / u 9 > C. 

i ^°°JB r (xo) i_> ' 00 JB r (xi) 


Note p < 1. The above inequality implies: 

lim / m > 0; lim / m > 0. (3.8) 

i ^ 0 °JB r .(x 0 ) i) 

Denote 

I g , a Ui{x) = [ Ui(y)[G 9 x {y)]^)dV g {y). (3.9) 

J M n 

We then know, due to (13.81) that there is a universal positive constant C > 0, such 
that 


I g , a Ui{0 > C for all f G M n . (3.10) 

On the other hand, if meas{£ G M n : I g , a Ui(0 —> oo as i —> oo} = vol{M n ), then 
we have, using (13.81) . that H a ji(ui, u,) —> oo, which contradicts the assumption 
that Ui is a minimizing sequence. Thus / g , a Mi(^) stays uniformly bounded in a set 
with positive measure. This implies: there is a constant Ci > 0, such that 



UiiOdS^ < Ci. 


(3.11) 


From (13.111) we know that sequence {I ffi 0 ,Uj(£)}?2 . 1 is uniformly bounded and equiv- 
continuous on M n . Up to a subsequence, I g , a Ui{x) —>• L(x) G C{M n ). 

Using Fatou Lemma and the reversed Hardy-Littlewood-Sobolev inequality (see 
Dou and Zhu 0), we have, up to a further subsequence, that, for any positive 
integer m > 0 , 



14 


-4 


y'U'i+r, 




112 n/(n—a) \ 

\\ L 2 n/(n+a)J 


2 n/(n—o; 


(n—a )/2 


} ) 


n 


(n—a)/2n 


Thus ||uj — Ui+ m || i 2 n/n+c) —> 0. This implies ||iq — w»|| L 2 n/(n+Q,) —>• 0. Thus the 
infimum is achieved by u*. Easy to see that u* > 0 every where on M n . 

We are left to rule out the following case. 

Case 2. Single point blow up point: There is only one point xo G M n , such that 
for any r > 0 , there is a subsequence of u,;, such that 


lim / 'ti 9 = 1 . (3-12) 

J B r (x o) 

It follows from (13.121) and Holder inequality that 

lim / Ui +a —t oo. 

^°°4 r (i 0 ) 

On the other hand, ||J J/ v7j,j(a;)|| 2 , is bounded, thus ||ui|| _ap_ is bounded via 

the reversed HLS inequality. Contradiction. Thus case 2 can not happen. 

□ 
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Lemma |3.5I yields that the infimum Y a ^ p (M n , g) is attained. Let u p be a mini- 
mizer such that ||w||i P (jvf") = 1 - It can be proved that u p is smooth function (see, 
for example, m , or 0 )- To complete the proof of Proposition 3.4, we discuss two 
cases. 

Case 1: There are at least two points on M n , say Xo, Xi and a universal positive 
constant C > 0, such that, for any r > 0, there is a subsequence of u p , satisfying 


lim / 

P^^JB r {x o) 


U p p > C; 


lim / 


> C. 


Note p < 1. The above inequality implies: 


lim / u p > 0; lim / u p > 0. (3.13) 

P^^JB r {x o) xi) 

We then know, due to (13.131) that there is a universal positive constant C 4 > 0, 
such that 

Ig,aUp(l ;) > C 4 for all £ G M n . (3.14) 

On the other hand, if meas{£ G M n : /g, a u p (£) —> 00 as i —> 00 } = vol(M n ), then 
we have, using (13.131) . that H g ^ a (u p ,u p ) —>• 00 , which contradicts the assumption 
that u p is a minimizing sequence. Thus I g ,a'U P (Ji ) stays uniformly bounded in a set 
with positive measure. This implies: there is a constant C$ > 0, such that 



u p (£,)dSt < C 5 . 


(3.15) 


From (13.151) we know that sequence {I g , a ' u - p {£,)}°l 1 is uniformly bounded and equiv- 
continuous on M n . Up to a subsequence, I a ,RU p (x) —>• L(x) G C(M n ). 

Using Fatou Lemma and the reversed Hardy-Littlewood-Sobolev inequality (see 
Dou and Zhu [9]), we have, up to a further subsequence, that, 


0 > ( lim 

Pl,P 2 — >2n/(n+a) , 


> C( lim 

v Pi,p 2 —>2n/(n+a) 


[ 14 

J M n 


a up 1 


t \2n/{n—a) \ (n—oc)/2n 

1 g,au P2 1 ) 

2n/(n-a) \ (n-a)/2n 


Thus ||ttj — Uj | \ L 2 n/n+ a ) —> 0. This implies |Ui — 'Uo|! 4 / 2 n/(n+c«) —> 0 for some u 0 - 
Thus, up to a further subsequence, ut —> u a > 0 almost everywhere. Dominate 
convergence theorem yields that ||u 0 ||L 2 n/(n+a) = 1. It follows, via Fatou Lemma, 
that limi H a> n(ui, Uj) > H a ^{u 0 ,Uo). Thus the infimum is achieved by f Q > 0. 
Using energy condition, we will rule out 

Case 2: Single point blow up point: There is only one point xq G M n , such that 
for any r > 0 , there is a subsequence of u p , such that 


lim f u p = 1 . 

B r (x 0 ) 

It follows (13.161) that 

lim / u p > 0 . 

p^-^ JB r (x 0 ) 

If there is another point X\ ^ Xq, such that for small r > 0, 


(3.16) 


lim / u p > 0 . 

J B r (x i) 
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We then again can obtain the existence of minimizer using the above argument. 
Finally, if for any x Xq, , such that for small r < dist(x,Xo), 


lim / Up = 0, (3-17) 


we shall show that in this case Y a (M n ,g) > Y a (S n ,go) which contradicts to the 
energy constraint Y a {M n ,g) < y^(S n ,g 0 ). 

In fact, from the assumption of one blowup point (Id. 1611 and (13.171) (also notice 
that a > n), we know that for small enough r > 0, 


lim Jg^a,p{^p 


) = lim 


SB r (x 0 ) fB r (xo) u p( x ') u p(y)l^ ! x(y)J 2 n dVg{ x )dV g (y) 


- t PlliP(S r (r Eo )) 


Since M n is locally conformally flat, we know 


lim 


= lim 

= lim 


I Br (xo) $B r {x q) u p( x ) u p(y)[ G x(y)}^dVg{x)dVg(y) 
ll U pll|i’(B r .(xo)) 

I Br (x o) /fl r (* o) M x )My)l G9 x(y)}^) dV g( x ) dV g(y ) 


IWIi 2 n/(n + «)( Br(a , 0 )) 
fs R fs R u p {x)u p (y)\x - y\ a ~ n dxdy 

ll W pll L 2n/C„+<*)(S H ) 

f«n Jr n u(x)u(y)\x - y\ a ~ n dxdy 


> inf 

ll gL2»./(n + Q ! )( R n)\{gj iU >0 

= Y a (S n ,g 0 ), 


I L 2,»/(,, + <*) ( R n) 


where Sr £ R” is the image of B r (x o) £ M n under a conformal map from a local 
chart containingin B r {x o) to R™. 

We hereby complete the proof of Proposition 13.41 

To complete the proof Theorem 11.31 for a > n, we are left to show 


Proposition 3.6. If{M n ,g) is locally conformally flat, but not conformally equiv¬ 
alent to the standard sphere (S n ,go), then for a > n, Y a (AI n 1 g) < Y a (§ n , go). 


Proof. Let P £ M n be a fixed point. In a conformal normal coordinate around P, 
G 9 (y) satisfies (12.121) . Further, since the manifold is not conformally equivalent to 
the standard sphere, A > 0 by the positive mass theorem. 

Since a > n > 2, we know that there exist two positive constants ^Oj^o such 
that 

(G x (y))%=% < \x — y\g~ n — A 0 \x — y\g~ 2 , V x,y £ B So (P). 

In the sequel of the proof, we denote Bg(P) as Bs. 

For any fixed <5 € (0,<5 q), take a specific test function as 


/ /a(x), B s , 

\ 0, M n \B s . 
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Similar to the computation in the proof of Proposition 12. 31 we can obtain 
y a (M n ,g) <J g , a {u ) 


<Y a (S n ,g 0 ) + C[ - 


— An 


Ib,xbJ x ^y\g 2 f\(x)fx(y)dxdy 


Ml 2 


Since 


J BsxBs 

_^-(n+c 


\x-y\g 2 f\{x)fx{y)dxdy 


'BsxBs 


I x ~y\g \ 1 + ^T 


L 2n/(n+a)( M r, 


n + cx n + a 

- ,.ef- 


dxdy 


=X n ~ 2 / 

d B s /xxB s /\ 

in-2 


>(7iA" 


then 


-<7 

>-(7 


u —u|“ 2 (l + |u| 2 ) " 2<> (1 + |u| 2 ) " 2 " dudv 


, / b 4 xb , 1 *-^? 2 h{x)fx(y)dxdy 

M 2 L2nnn+aKMn) 

+ C 2 A 0 X n - 2 = A n ~ 2 (C 2 Ao - CX 2 S~ n ) > 0 


by choosing A much smaller than <5. Therefore, we deduce that 

Y a (M n ,g) <Y a (S n ,g 0 ). 


□ 


Remark 3.7. Due to the lack of local sharp inequality for the case of a > n, it is 
not clear what is the form for the Aubin type e— inequality. It is also very interesting 
to analysz the blowup behavior of solutions to the equations with negative power, 
since the concentration compactness principle does not hold, and the classical Nash- 
Moser type iteration does not work neither due to the lact of local sharp inequality. 

Remark 3.8. While we are working on this paper, M. Zhu was informed by F. 
Hang and P. Yang of their recent work on Q— curvature problem on 3 manifolds 
m , where their estimates relies on the crucial sharp Sobolev inequality originally 
proved by Yang and Zhu [M] . It seems that their argument is hard to be extended 
for operator with fractional order. The recent discovery of the reversed sharp 
Hardy-Littlewood-Sobolev inequality 0 is the foundation for our current work for 
the case of a > n. A unified approach for the Nirenberg problem for a < n was 
given in a recent paper [24] . 
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